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A simple model for the propagation of an exothermic reaction is proposed in which the
reactant ignites at a speciﬁed temperature. It is shown that the model supports waves
of permanent form and the speed and stability of such waves is determined. Finally the
behavior of this wave as it encounters a break in the fuel is considered. In particular results
are obtained for the size of the break required to halt the wave.
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1. Introduction
Combustion waves traveling without change of form through an exothermically reacting material have been studied as
models of forest ﬁres, smoldering materials etc. A common approach is to disregard any variation of the system perpendicu-
lar to the direction of propagation and thus reduce the problem to ordinary differential equations with a suitable similarity
independent variable. Within this framework, in order to guarantee the existence of a steady wave, some assumption must
be made to delay the consumption of the reactant before the arrival of the wave front. This assumption has taken various
forms. For example, [1–3] assume that the fuel is not consumed at any stage by the reaction. On the other hand [4,5] ignore
heat loss and predict traveling waves which effect a transition from cold (unburned) material to hot.
Following [6], Ref. [7] imposes the condition that the reaction does not begin producing heat until its temperature
reaches a speciﬁed ignition temperature. In this paper the requirement of an ignition temperature for combustion is again
imposed, along with the assumption that the fuel is not consumed. It is shown that these assumptions lead to the existence
of a wave of permanent form which effects a transition from zero temperature to a state of balance between heat production
and loss. The behavior of this wave as it encounters a break in the fuel is studied.
The paper is set out as follows. In Section 2 we introduce the model and formulate the equations for a traveling wave
solution. In Section 3 we introduce a simple case in which explicit solutions can be found and in Section 4 the general
system is discussed. Stability of the traveling wave is established in Section 5 and ﬁnally in Section 6 the impact of a ﬁre
break on this wave is determined.
2. The model
Write T (x, t) for the temperature at position x along the direction of propagation of the wave and time t . We have the
(nondimensionalized) equation (see [8] for example)
∂T
∂t
= ∂
2T
∂2x
− hT + δV R(T ), (1)
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the reaction produces heat. In this paper the reactant concentration is ﬁxed at V = 1—the corresponding model in which
fuel is depleted as the ﬁre burns is discussed in [7]. The reaction rate R is assumed to take the form
R(T ) =
{
f (T ), T  T0,
0, T < T0,
(2)
where T0 is the ignition temperature. The function f is continuously differentiable and positive for all T and we assume
further that there exists a least value T1 of T such that
hT1 = δ f (T1). (3)
This is the temperature at which the heat loss and heat generation are balanced.
We look for a combustion wave of permanent form traveling to the left with ﬁxed speed c, temperature T = 0 ahead of
the wave and T = T1 behind. Such a solution takes the form
T (x, t) = θ(z), θ(z) → 0 as z → −∞, θ(z) → T1 as z → ∞, (4)
where z = x+ ct . Substituting this form into (1) produces the ordinary differential equation
θ ′′ − cθ ′ − hθ + δR(θ) = 0. (5)
We assume that the temperature reaches the critical value T0 at z = 0. Ahead of the wave z < 0 and θ < T0 so R(θ) = 0
and the temperature satisﬁes the simpler equation
θ ′′ − cθ ′ − hθ = 0, θ(0) = T0, θ(z) → 0 as z → −∞, (6)
with solution
θ(z) = T0em+z, z < 0, (7)
where
m+ = 1
2
(√
c2 + 4h + c). (8)
Behind the wave z > 0 and θ > T0 so (5) can be written in the form
θ ′′ − cθ ′ − hθ + δ f (θ) = 0 (9)
together with the initial conditions (to match with (7))
θ(0) = T0, θ ′(0) =m+T0. (10)
Deﬁnition 1. A solution of (9), (10) is a traveling wave if θ(z) → T1 as z → ∞.
3. Constant heat generation
In the simple case f ≡ 1 it is possible to ﬁnd the traveling wave explicitly. The general solution of (9) is
θ(z) = δ
h
+ Ae−m−z + Bem+z, (11)
where
m− = 1
2
(√
c2 + 4h − c) (12)
and A and B are constants. For θ(z) → T1 = δ/h as z → ∞ we require B = 0. The ﬁrst condition in (10) gives A = T0 − δ/h
and
θ(z) = δ
h
+
(
T0 − δ
h
)
e−m−z. (13)
Finally to satisfy the second initial condition θ ′(0) =m+T0 requires
m−
(
T0 − δ
h
)
=m+T0 (14)
or
118 J. Graham-Eagle / J. Math. Anal. Appl. 348 (2008) 116–121T0 = δ
2h
(
1− c√
c2 + 4h
)
. (15)
This equation determines the speed c of the wave in terms of the parameters of the system. Note that the existence of such
a traveling wave requires T0  δ/2h = T1/2 so the ignition temperature cannot be too large. At the extremes
c = 0 if T0 = δ/2h = T1/2 and c → ∞ as T0 → 0. (16)
4. General heat generation
We begin with the major result showing the existence of traveling waves.
Theorem 2. A traveling wave with given speed c exists for all values of the parameters h and δ.
Proof. Let T0 be the supremum of those values for which the solution of (9), (10) satisﬁes θ(z) < T1 for all z > 0. (Such
solutions exists in particular when T0 < 0 since no solution of (9) can have a negative minimum.) We show that the
solution θ corresponding to this value of T0 is a traveling wave, i.e. θ(z) → T1 as z → ∞.
Note ﬁrst that θ(z)  T1 for all z for otherwise by continuous dependence of solutions of (9) it would follow that
the solution for all slightly smaller values of T0 would also exceed T1 somewhere, contradicting the deﬁnition of T0.
Moreover θ cannot have a maximum value of T1 since at that point θ ′ = 0 and so, by uniqueness of solutions, θ ≡ T1 which
contradicts (10). Thus θ(z) < T1 for all z and, in particular, T0 < T1.
With θ(z) < T1 it follows from
d
dz
(
e−czθ ′
)= e−cz(θ ′′ − cθ ′) = e−cz(hθ − δ f (θ))< 0 (17)
that e−czθ ′(z) is strictly decreasing. Therefore if θ ′(z1)  0 at some point z1 then θ ′(z) < 0 for all z < z1 and again, by
continuous dependence of solutions, the same would be true for all slightly larger values of T0, contradicting the maximality
of T0. Therefore θ ′(z) > 0 for all z and, in particular from (10), T0 > 0.
It remains to show that θ(z) → T1 as z → ∞. To see this, note that the monotonicity and boundedness of θ guarantees
it converges as z → ∞. Integrating (9) and using (10) gives
θ ′(z) −m+T0 = cθ(z) − cT0 +
z∫
0
[
hθ − δ f (θ)]dz (18)
and the integral tends to −∞ unless θ(z) → T1 as z → ∞. Note also from (18) that θ ′(z) converges as z → ∞ and clearly
the limit must be zero. 
Some information about the size of T0 can be obtained as follows. Multiplying (9) by θ ′ and integrating over 0 < z < ∞
gives
−1
2
m2+T 20 −
h
2
T 21 +
h
2
T 20 + δF (T1) − δF (T0) = c
∞∫
0
θ ′2 dz (19)
with equality if and only if c = 0. Here F is an antiderivative of f and, without loss of generality, F (0) = 0. Therefore, since
m2+ − h = cm+ ,
δF (T0) + 1
2
cm+ + T 20  δF (T1) −
h
2
T 21 . (20)
Note in particular, since cm+  0, that
F (T0) F (T1) − h
2δ
T 21 (21)
again with equality if and only if c = 0, and as c → ∞, m+ → ∞ so T0 → 0.
There is no guarantee that the traveling wave is unique—this depends on the function f . However uniqueness can be
guaranteed in the case δ f ′(T ) < h for T > 0.
Theorem 3. If δ f ′(T ) < h for T > 0 then the traveling wave is unique. Moreover, the speed c of the wave decreases (strictly) with T0 .
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u = θ1 − θ2. Then subtracting (9) for θ1 and θ2 gives
u′′ − cu′ − hu + δ f ′(ξ)u = 0 (22)
where ξ(x) > 0 is between θ1(x) and θ2(x). From (10), u(0) > 0 and u′(0) > 0 and, since u(z) → 0 as z → ∞, it follows that
u has a positive maximum at some point z2. At this point u′(z2) = 0 and u′′(z2) 0 so (22) gives δ f ′(ξ) h which is the
desired contradiction.
If now θ1 and θ2 correspond to values c1 > c2 of c and values T0,1  T0,2 of T0, then
u′′ − c1u′ − hu + δ f ′(ξ)u = (c1 − c2)θ ′2 > 0. (23)
Again from (10), u(0) 0 and u′(0) > 0 and, since u(z) → 0 as z → ∞, it follows that u has a positive maximum at some
point z3. However at this point the left side of (23) is negative. 
5. Stability of the traveling wave
In this section we perform a linear stability analysis to show that the traveling wave found in the previous section is
stable to small perturbations in the case δ f ′(T ) < h. To do this, we consider the time dependent equation (1) in terms of z
and t and perturb the steady solution.
Perturbing the temperature T and ignition point Z as
T (z, t) = θ(z) − ετμ(z)eμt, Z = 0+ εeμt, (24)
we obtain, after linearizing in ε,
τ ′′μ − cτ ′μ + hτμ + δR ′(θ)τμ = μτμ, (25)
where
R ′(θ) =
{
f ′(θ), z > 0,
0, z < 0.
(26)
The matching conditions for T at z = Z require [τμ] = 0 and
[
θ ′′ − τ ′μ
]= 0 which implies [τ ′μ]= −δ[R(θ)]= −δ f (T0), (27)
where [Q ] denotes the jump in Q across the ignition point. Finally, by deﬁnition of Z , τμ(0) − θ ′(0) = 0 or, from (10),
τμ(0) =m+T0. (28)
We show that this system has no bounded solution corresponding to μ > 0.
The only solution of (25) and (28) with μ > 0 in the region z < 0 which remains bounded as z → −∞ is
τμ(z) =m+T0er+z, (29)
where
r+ = 1
2
(√
c2 + 4h + 4μ + c). (30)
It follows that, in the region z > 0, τμ satisﬁes the equation
τ ′′μ − cτ ′μ −
[
h − δ f ′(θ)]τμ = μτμ (31)
together with the initial conditions (28) and
τ ′μ(0) = r+m+T0 − δ f (T0). (32)
It is a simple matter to show, by differentiating (9) with respect to z and using (10), that τμ=0 = θ ′ is the solution
corresponding to μ = 0—this just a consequence of the translation invariance of θ . We need to show that there is no
bounded solution of this initial value problem if μ > 0.
Note ﬁrst that τμ cannot have either a positive maximum or a negative minimum. This follows from (31) since at such
a point the two sides of (31) have opposite signs. This shows that τμ is eventually monotone and, since it is also bounded,
limz→∞ τμ(z) = L exists.
We next show that L = 0. Suppose instead that L > 0 (the case L < 0 follows by considering −τμ instead of τμ). Then
from (31)
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1
2
μL ⇒ τ ′μ >
1
2
μLz + cτμ + K (33)
for some constant K and suﬃciently large z and this clearly contradicts the boundedness of τμ . Note that this also now
implies τμ > 0 for z > 0.
Finally consider the function u = τμ − τμ=0. Using (31), (29) and (32) for μ > 0 and μ = 0 and subtracting shows that
u satisﬁes the initial value problem
u′′ − cu′ − [h − δ f ′(θ)]u = μτμ, (34)
u(0) = 0, u′(0) > 0. (35)
But u cannot have a positive maximum since at such a point the left side of (34) is negative and the right side is positive.
From (35) it follows that u is increasing and this contradicts limz→∞ τμ(z) = 0.
We summarize these results as
Theorem 4. If δ f ′(T ) < h for T > 0 then the traveling wave is unique and it is stable to bounded perturbations.
In the case f = 1 we can actually ﬁnd τμ explicitly. Now the f ′(θ) term vanishes from (31) and the solution which
remains bounded as z → ∞ satisfying (28) is
τμ(z) =m+T0e−r−z, (36)
where
r− = 1
2
(√
c2 + 4h + 4μ − c). (37)
Finally (32) then says
−r−m+T0 = r+m+T0 − δ (38)
or
m+T0
√
c2 + 4h + 4μ = δ. (39)
This equation clearly has a unique solution μ and comparison with (15) in the form
T0 = δ
2h
(
1− c√
c2 + 4h
)
= δ
h
m−√
c2 + 4h =
δ
m+
√
c2 + 4h (40)
shows that it is μ = 0.
6. Fire break
We introduce a ﬁre break by replacing the constant fuel concentration V with
V (x) =
{
0, −b x 0,
1, otherwise,
(41)
where b is the width of the break. Assuming the traveling wave (with c > 0) of the previous sections ﬁrst encounters the
break at time t = 0 the temperature thereafter is governed by (1) subject to the boundary conditions
T (x, t) → 0 as x → −∞, T (x, t) → T1 as x → ∞, (42)
and initial condition
T (x,0) = θ(x), −∞ < x < ∞. (43)
If the temperature in the region x < −b never reaches the critical value T0 then the ﬁre does not jump the break. If on the
other hand T (−b, t) T0 at some time t then the ﬁre does jump the break and continue to move to the left.
We begin by assuming b = ∞ so the ﬁre is indeed halted. The temperature in the region x < 0 will climb as a result of
diffusion but cannot ignite there because of the lack of fuel. Now as t → ∞ the temperature T (x, t) increases monotonically
to a steady state solution Ts(x) which we can easily ﬁnd as follows.
In the region x < 0 there is no fuel so Ts satisﬁes the simple equation
T ′′s − hTs = 0 (44)
with solution vanishing as x → −∞,
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√
hx, x < 0, (45)
the constant A yet to be determined. Behind the wave x > 0 and Ts > T0 so
T ′′s − hTs + δ f (Ts) = 0, Ts(x) → T1 as x → ∞, (46)
and to match (45)
Ts(0) = A, T ′s(0) = A
√
h. (47)
Multiplying the differential equation in (46) by T ′s and integrating with respect to x gives
1
2
T ′2s −
h
2
T 2s + δF (Ts) = C, (48)
where C is the constant of integration. To determine C we let x → ∞ so Ts → T1 and T ′s → 0 and therefore C = δF (T1) −
(h/2)T 21 . The matching conditions (47) then reduce (48) to
F (A) = F (T1) − h
2δ
T 21 . (49)
Since F is increasing (49) shows there is a unique solution A = A∗ of this equation with T0 < A∗ < T1 and
Ts(x) = A∗e
√
hx, x < 0. (50)
Note that Ts is simply a traveling wave with speed c = 0.
If x = x∗ is the point at which Ts(x) = T0, i.e.
x∗ = − 1√
h
ln
(
A∗
T0
)
(51)
then the oncoming wave cannot reach the critical temperature (and hence jump the ﬁre break) if the width of the break
b > −x∗ . So the ﬁre will not jump the break, indeed the critical temperature will never be attained beyond the break, if
b >
1√
h
ln
(
A∗
T0
)
. (52)
In the special case f ≡ 1 we have F (T ) = T , A∗ = δ/2h,
Ts(x) = δ
h
− δ
2h
e−
√
hx, x > 0, (53)
and
x∗ = − 1√
h
ln
(
δ
2hT0
)
. (54)
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